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Abstract 

Metal-oxide-metal (MOM) devices based on niobium oxide exhibit threshold switching (or 

current controlled negative differential resistance) due to thermally-induced conductivity 

changes produced by Joule heating.  A detailed understanding of the device characteristics 

therefore relies on an understanding of the thermal properties of the niobium oxide film and 

the MOM device structure.  In this study, we use time-domain thermo-reflectance to 

determine the thermal conductivity of amorphous NbOx films as a function of film 

composition and temperature.  The thermal conductivity is shown to vary between 0.86 and 

1.25 𝑊𝑊𝑚𝑚−1𝐾𝐾−1 over the composition (x= 1.9 to 2.5) and temperature (293 to 453 K) ranges 
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examined, and to increase with temperature for all compositions.  The impact of these thermal 

conductivity variations on the quasi-static current-voltage (I-V) characteristics and oscillator 

dynamics of MOM devices is then investigated using a lumped element circuit model.  

Understanding such effects is essential for engineering functional devices for non-volatile 

memory and brain-inspired computing applications. 
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Introduction 

Two-terminal metal/oxide/metal (MOM) devices based on amorphous NbOx have attracted 

research interest in recent years due to the fact that they exhibit reliable threshold switching or 

current-controlled negative differential resistance (CC-NDR)1-3.  Of particular interest is their 

application as selector elements in non-volatile memory arrays and as nanoscale relaxation 

oscillators, which when coupled can be used to emulate the spiking response of biological 

neurons for application in high-density neural networks1, 4  The functionality of such devices 

is further enhanced by the diversity of their current-voltage characteristics, which include a 

broad range of discrete and mixed mode behaviour4.   

The CC-NDR characteristics of NbOx-based devices derive from an increase in the electrical 

conductivity of the oxide film due to local Joule heating5-6.  However, heating is confined to a 

small volume of material within the thin-film layer and therefore depends on the thermal 

conductivity of the surrounding material7-8.  This arises from the fact that as-fabricated MOM 

devices are typically in a high resistance state and require a one-off electroforming step to 

create a conduction path through the oxide film8-9.  As an example, Figure 1(a) shows an optical 

image of a cross-point device after electroforming.  The dark spot is due to discoloration of a 

photoresist layer as a result of local heating and serves to show the scale and spatial location 

of the filamentary conduction path8. Following electroforming, the device current and 

associated temperature-rise are largely confined to this filamentary conduction path (Figure 1 

(c-d)) and the corresponding increase in oxide conductivity is observed as CC-NDR (Figure 

1(e))9. 



4 
 

        

Figure 1: (a) Optical image of an electroformed device showing filament location. (b) 

Schematic of permanent filament formation due to the Soret effect. (c) Thermoreflectance maps 

of the surface temperature in a 5 µm device operating at 1 mA and 5 mA and (d) temperature 

constriction of S-type NDR in the post-formed device at different current levels of the NDR 

region of the current-voltage characteristics as shown in (e). 

From the above discussion, it is clear that the temperature distribution around the 

filamentary conduction path depends on the thermal conductivity of the oxide film, with 

significant radial heat flow expected from the filament to the surrounding film and from the 

film to the electrodes. Knowledge of the thermal conductivity and its temperature 
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dependence is therefore critical for effective modelling of the temperature distribution and 

the associated device characteristics.  

Thermal transport in low-conductivity crystalline solids is dominated by phonons, and can be 

described within the framework of a phonon gas model in which the phonons are treated as 

quasi-particles that travel at their group velocity along straight paths and scatter from 

impurities, defects, interfaces and other phonons10. However, amorphous solids lack the 

translational symmetry required to define phonons in terms of vibration modes with 

characteristic wavevectors. Instead, lattice vibrations are considered to be independent and 

uncorrelated, with heat conduction achieved by a diffusive random-walk process.  Recent 

studies have generalised such analysis by classifying the transport into three regimes: 

propagons, diffusons, and locons (localized modes), where propagons are phonon-like modes 

that have well-defined wave vectors and travel multiple atom spacings, diffusons represent the 

diffusive, random-walk transport, and locons represent highly localised modes11-14.  Other 

recent studies have also shown that the thermal conductivity of thin film (≤ 100 𝑛𝑛𝑛𝑛) 

amorphous solids is typically dominated by diffusons14-16, and estimates of the minimum 

thermal conductivity based on such diffusive transport have been proposed by Cahill et al17 

and Agne et al18.   

The thermal conductivity of amorphous Nb2O5 films has been measured over the temperature 

range from 293 to 773 K16, 19.  Cheng et. al16 used time-domain thermoreflectance (TDTR) to 

measure the thermal conductivity of Nb2O5 films deposited by reactive DC sputtering of a Nb 

target in an oxygen ambient.  They reported a temperature independent thermal conductivity 

of ~0.9 Wm-1K-1 over the temperature range from 325 to 450 K.  Mitterhuber et al19 employed 

two different TDTR systems to measure the thermal conductivity of a 166 nm thick Nb2O5 film 

on silicon, one using a nanosecond pump beam and the other using a picosecond pump.  The 

measured thermal conductivity showed some variation for the two measurements due to 
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differences in the effective penetration depth of the thermal pulse.  In both cases the thermal 

conductivity was found to increase with temperature, varying from ~1.0 to ~1.25 Wm-1K-1 over 

the temperature range 293 to 573 K as measured by the nanosecond pump, and from 1.0 to 2.25 

over the temperature range 293 to 775 K as measured by the picosecond pump. 

In this study, we use time-domain thermo-reflectance (TDTR) to determine the thermal 

conductivity of amorphous NbOx films as a function of both film composition and temperature 

for the first time.  We further investigate how the magnitude and temperature dependence of 

the thermal conductivity affect the quasi-static current-voltage characteristics and oscillator 

dynamics of MOM-based devices.  These results are discussed with reference to minimum 

thermal conductivity models for amorphous solids, and their significance for effective device 

engineering is demonstrated. 

Experimental details 

NbOx dielectric layers of varied composition (x=1.9 to 2.5) and thickness were sputter 

deposited onto silicon and amorphous carbon substrates.  Stoichiometric films (x=2.5) were 

deposited by RF sputtering using an Nb2O5 target and an Ar ambient, while substoichiometric 

films (i.e. x<2.5) were deposited using reactive DC sputtering of an Nb target in a process 

ambient of variable O2/Ar ratio and pressure.  Details of the deposition conditions are given in 

Table 1.  The stoichiometry and areal atomic-density of the films was determined by Rutherford 

backscattering spectrometry (RBS) of films deposited onto vitreous carbon or Si substrates. 

Data fitting was undertaken with the RUMP software package20 using corrected stopping 

power data for Nb21.  The mass density of the films was determined by combining RBS 

measurements and layer thicknesses determined from transmission electron microscopy (TEM) 

of sample cross-sections. The as-deposited films were further analysed using X-ray 

photoelectron spectroscopy (XPS). The structure of the films was investigated by electron-
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diffraction analysis during TEM imaging and by grazing incident-angle X-ray diffraction 

(GIA-XRD).  Finally, the surface morphology and roughness of the films was determined by 

atomic force microscopy (AFM).  

Thermal conductivity measurements were undertaken using time-domain thermoreflectance 

(TDTR).  For these measurements the NbOx layers were deposited on silicon substrates and 

then coated with a 130 nm thick gold absorptive/transducer layer using electron beam 

evaporation.  The measurements were performed using a TMX Scientific Transometer™ 

TDTR, with an Nd:YAG laser of wavelength 532 nm used for the pulse excitation and an 

Argon-Ion 488 nm CW laser used for probing. The NbOx samples were placed on a 

temperature-controlled hotplate (Temptronic ThermoChuck® TP04310) that enabled 

measurements over the temperature range from 293 K to 453 K.  Measurements were repeated 

10 times on each sample and averaged.  As the dimensions of the pump beam are two orders 

of magnitude larger than those of the probe beam, the Transometer’s analysis uses a one-

dimensional thermal transport computational model through the thin-film stack22, 23. ).  

Electrical characterization (see supplementary information) was performed using a 

semiconductor parametric analyser (Agilent B1500A). 

Table 1: Deposition conditions and properties of NbOx films 

Target Ar/O2 

(sccm) 

Power 

(W) 

Pressure 

(mT) 

x in 

NbOx 

Dep. 

Rate 

(nm/min) 

Density 

(g.cm-3) 

Thickness 

(nm) 

Nb 19/1 100 1.5 1.9 ± 0.1 3.4 5.73 32, 71, 101 
Nb 18.5/1.5 100 1.5 2.0 ± 0.1 3.2 5.75 32, 64, 93, 127 
Nb 19/1 100 2.0 2.3 ± 0.1 2.6 5.35 25, 49, 76, 103 

Nb2O5 20/0 180 4.0 2.5 ± 0.1 2.5 4.3 13, 25, 50, 75, 100 
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Results and discussion 

Physical properties of NbOx thin films 

The composition and areal atomic-density (i.e. atoms.cm-2) of the NbOx films were determined 

by Rutherford backscattering spectrometry (RBS) using 2 MeV He+ ions. Figure 2a shows a 

measured spectrum for a 127 nm thick NbO2.0 film, together with a simulated spectrum fitted 

to the data using the RUMP software package22 with updated stopping power data for Nb21.  

We have previously studied similar films by Reflection Electron Energy Loss Spectroscopy 

(RHEELS) and shown that the substoichiometric NbOx films do not contain metallic Nb23.  

Transmission electron microscopy (TEM) of sample cross-sections was used to further 

characterize the layer thickness, structure and morphology.  Figure 2b shows an example for 

the 127nm thick NbO2.0 film, which highlights the presence of density variations in the 

amorphous film due to columnar growth. Such type of growth is a characteristic of sputter-

deposited films and has been shown to influence the electroforming behaviour of MOM 

devices24.  

The amorphous structure of the films was confirmed by grazing-incidence x-ray diffraction 

(GI-XRD), with spectra of the as-deposited NbOx films displaying only broad peaks indicative 

of amorphous NbOx, as shown in Figure 2c.  The average film densities were determined from 

the areal atomic densities, as measured by RBS, and the film thicknesses, as determined from 

TEM, and were found to be in reasonable agreement with those of Venkataraj et al25. Atomic 

force microscopy (AFM) was used to measure the surface roughness of the NbOx films as a 

function of film thickness.  Results are summarized in Figure 2(d) and show that the root-mean-

square (RMS) roughness increases as the film thickness increases. The NbO2.5 films have 

relatively higher roughness than the others, as they were deposited at a higher power and with 

higher gas pressure26-27. 
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Figure 2: Physical characterisation of films: a) RBS spectrum of a 127nm thick NbO2.0 film, 

together with spectrum simulated using the RUMP software package; b) a bright field TEM 

image of the same film. (NB: A 10 nm Au layer was used to provide contrast); c) GI-XRD 

spectra of the thickest films, and; d) RMS roughness of the films as measured by AFM. The 

dashed line represents the roughness of the Si substrate. 

Time domain thermoreflectance  

Time-domain thermoreflectance (TDTR) is a pump and probe technique that uses changes in 

optical reflectivity to measure the temperature evolution of a gold surface layer heated by a 

short laser pulse, as shown schematically in Figure 3a.  The thermal decay on the top metallic 

surface after the laser pulse is driven by the heat loss from the irradiated area and is therefore 

sensitive to the thermal diffusivity of the underlying constituent materials28.  In this study, we 
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used a thin gold layer as the temperature sensing layer due to its relatively high 

thermoreflectance coefficient and chemical inertness.  The temporal response of the surface 

temperature was modelled for the resulting film stack using the Fourier equation, with the 

thermal diffusivity of the NbOx layer employed as a fitting parameter. Given that the heated 

area is much larger than the probe area, heat dissipation is assumed to be dominated by through-

plane conduction (i.e., the z-direction) from the gold surface layer down to the base of the 

substrate which is maintained at room temperature. The governing equation is then given by: 

𝜌𝜌𝐶𝐶𝑃𝑃
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑘𝑘 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
� + 𝑄𝑄𝑎𝑎𝑎𝑎(𝑧𝑧, 𝑡𝑡)  (1) 

where θ is the normalized temperature in the sample stack.  The density (ρ) of the NbOx layers 

was determined from RBS, TEM and XRR measurements, as discussed above, while the 

temperature-dependent specific heat, 𝑐𝑐𝑝𝑝, was calculated from the Shomate equation by 

extrapolating between data for Nb, NbO, NbO2 and Nb2O5 from the National Institute of 

Standards and Technology (NIST) (see Supporting information) 29.  Any heat transfer from the 

top surface (z = 0) by convection or radiation is negligible and the top boundary is thus 

considered adiabatic (∂θ/∂z = 0), while the temperature of the bottom surface of the substrate 

is considered as the reference base temperature (θ =θb at z → ∞).  The heat generation term 𝑄𝑄𝑎𝑎𝑎𝑎 

represents the optical absorption of the laser pulse by the gold layer and is given by: 

𝑄𝑄𝑎𝑎𝑎𝑎(𝑧𝑧, 𝑡𝑡) = 𝐼𝐼(𝑡𝑡)(1 − 𝑅𝑅)𝛾𝛾𝑒𝑒−𝛾𝛾𝛾𝛾   (2) 

𝐼𝐼(𝑡𝑡) = 2𝐹𝐹
𝜏𝜏√𝜋𝜋

𝑒𝑒−4�(𝑡𝑡−𝑡𝑡0)/𝜏𝜏�
2
   (3) 

where, I(t), F, and τ are the intensity, fluence, and the pulse width of the heating laser; R and γ 

are the reflectivity and the absorption coefficient of the gold surface. The absorption coefficient 

is obtained from the laser wavelength, λ, and refractive index, k, of the Au absorption layer as 

𝛾𝛾 = 4πk/λ. Analytical solutions of Eq. (1) exist for semi-infinite media, but for film stacks, 
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the equation is most easily solved numerically and fitted to the observed TDTR response using 

the thermal boundary resistance, 𝑅𝑅𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝐵𝐵 , as a fitting parameter.  Figure 3b shows an example 

of the TDTR response for NbOx films as a function of thickness, together with the fitted 1-D 

numerical solutions of Eq. (1). 

Based on a thermal circuit model of the thin-film structure23, the total thermal boundary 

resistance is given by: 

𝑅𝑅𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝐵𝐵 = ℎ
𝑘𝑘𝑖𝑖

+ 𝑅𝑅𝑖𝑖𝑖𝑖𝑖𝑖   (4) 

where ℎ is the film thickness, 𝑘𝑘𝑖𝑖 is the intrinsic thermal conductivity of the NbOx film and 𝑅𝑅𝑖𝑖𝑖𝑖𝑖𝑖 

represents the thermal interface resistance that includes contributions from the Au/NbOx and 

NbOx/Si interfaces.  The intrinsic thermal conductivity and interface resistance can therefore 

be deduced from a plot of 𝑅𝑅𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝐵𝐵  as a function of film thickness, such as that shown in Figure 

3c for the NbO2.0 films.  This data clearly demonstrates the expected linear relationship between 

𝑅𝑅𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝐵𝐵  and film thickness and provides the magnitude of the thermal interface resistance (i.e., 

the intercept).  The latter was found to vary from 37 to 51 𝑚𝑚2𝐾𝐾/𝐺𝐺𝐺𝐺 with film composition, 

but to have only a weak temperature dependence, as shown in Figure 3c.   
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Figure 3: a) Schematic representation of the Pump-Probe setup used to conduct transient-

domain thermo-reflectance conductivity measurements; b) Normalized TDTR response 

showing the temperature decay measured at the surface of the gold transducer layer for an 

NbO2.0 film as a function of thickness. The inset shows the measured response for a 71-nm film 

together with the fitted response, and c) 𝑅𝑅𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝐵𝐵  as a function of layer thickness and temperature 

for the NbO2.5 films.  The inset shows the interface resistance, Rint, for all films as a function 

of temperature.  



13 
 

Thermal conductivity of NbOx layers 

The thermal conductivity values extracted from the above analysis are shown in Figure 4(a) 

for NbOx layers with x in the range from 1.9 to 2.5 and temperatures in the range from 293 to 

473 K. Several points are evident from this data.  First, the magnitude of the thermal 

conductivity varies between extremes of 0.86 and 1.25 𝑊𝑊𝑚𝑚−1𝐾𝐾−1 over the composition and 

temperature range examined, which is broadly consistent with values reported for other 

amorphous oxide films14, 30.  Second, the thermal conductivity increases with temperature for 

all compositions, with that of the NbO2.5 film increasing by 11%, from 0.86 to 0.95 𝑊𝑊𝑚𝑚−1𝐾𝐾−1 

over the 180 K temperature span.  Finally, while the data for different compositions falls 

broadly within the margin of error, estimated to be ±12%, it suggests that the thermal 

conductivity of the near-stoichiometric NbO2.0 and NbO2.5 (i.e., Nb2O5) films is lower than that 

of the off-stoichiometric NbO1.9 and NbO2.3 films. The former ranges from 0.85 to 0.95 Wm-

1K-1, while that of the NbO1.9 and NbO2.3 films varies from 1.03 to 1.24 Wm-1K-1 over the 

temperature range from 298 to 453 K.  Such behaviour could result from variations in the 

macroscopic structure of the films, such as porosity or roughness, or from variations in the film 

microstructure, such as the distribution and site-sharing of NbO6, NbO7 and NbO8 structural 

units.  Unfortunately, the current data are insufficient to draw a definitive conclusion on this 

issue, but the results do serve to highlight the need for a more detailed study of such effects. 
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Figure 4: (a) Measured thermal conductivity as a function of stoichiometry and temperature, 

and (b) Measured thermal conductivity of NbO2.5 as a function of temperature compared with 

the measurements of Cheng et al16 and theoretical predictions of the minimum thermal 

conductivity expected for amorphous Nb2O5 from Cahill et al17 and Agne et al18.  The relative 

error of repeat measurements was estimated to be ≤±5%, while the absolute error was estimated 

to be ±12%. 
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Figure  4(b) compares the temperature dependence of the thermal conductivity measured for 

the NbO2.5 films with the data of Cheng et al16, and with predictions of the minimum thermal 

conductivity models by Cahill et al17 and Agne et al18.  (Details of the model parameters are 

given in the Supporting Information). The experimental data are observed to be in excellent 

agreement and broadly consistent with model predictions. Significantly, the temperature 

dependence of the thermal conductivity is similar to that predicted by the models for lattice 

conductivity.  Behaviour that supports the view that the thermal conductivity is dominated by 

the lattice contribution in this temperature range.  From the Wiedemann-Franz law, the 

electronic contribution to the thermal conductivity is 𝑘𝑘𝑒𝑒𝑒𝑒 = 𝐿𝐿𝐿𝐿𝐿𝐿, where 𝐿𝐿 is the Lorentz number 

(2.44 × 10−8 𝑊𝑊Ω𝐾𝐾−2), 𝑇𝑇 is the temperature and 𝜎𝜎 is the electrical conductivity.  An electrical 

conductivity of ≈ 1.5 × 104 𝑆𝑆𝑚𝑚−1 is therefore required to contribute 10% of the measured 

thermal conductivity (i.e. ≈ 0.1 𝑊𝑊𝑚𝑚−1𝐾𝐾−1).  This is much higher than the conductivity of the 

present films.  For example, we have previously measured the electrical conductivity of a 

NbO2.10 film to be 𝜎𝜎 = 119 + 7.2 × 105exp (−0.34 [𝑒𝑒𝑒𝑒]
𝑘𝑘𝑘𝑘

), which is < 250 𝑆𝑆𝑚𝑚−1 over the 

temperature range of the current measurements.  In this case, the electronic contribution to the 

thermal conductivity is < 0.3% but would rise to ~30% at a temperature of 1000 K.  This 

contrasts with the reported case of sub-stoichiometric TaOx films, where the electronic 

contribution is dominant over a wide composition range due to the high electrical conductivity 

of the films31.  

 

Implications for device characteristics  

As discussed in the introduction, the CC-NDR response of MOM devices results from 

thermally-induced conductivity changes.  The specific I-V response is therefore sensitive to 

both the magnitude and temperature dependence of the thermal conductivity of the film.  Here 



16 
 

we consider the effect of such variations on the quasi-static response and oscillation dynamics 

of NbOx-based devices.   

The device characteristics were simulated using a lumped-element circuit-model of the volatile 

memristor developed by Slesazeck et al6.  This model assumes Poole-Frenkel conduction and 

estimates the local temperature from Joule heating, with the material properties represented by 

a thermal resistance, Rth, and a thermal capacitance, Cth.  The basic circuit model is shown inset 

in Figure 5b, and further details and associated parameters are included in the Supporting 

Information.  Variations in thermal conductivity were included in the model by changing Rth, 

which is assumed to have the form: 

𝑅𝑅𝑡𝑡ℎ = 𝑅𝑅𝑡𝑡ℎ0/[1 + 𝛼𝛼(𝑇𝑇 − 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎)]    (5) 

where 𝑅𝑅𝑡𝑡ℎ0 was taken to be 1.7x105 K/W for x=2.5 based on the model of Slesazeck et al6, and 

was varied by 30%, from 1.7x105 K/W to 1.3x105 to reflect the observed variation of the 

thermal conductivity with stoichiometry.  The value of α was set to 0 or 6x10-4 K-1 to represent 

temperature-independent and temperature-dependent thermal conductivities, respectively, 

where the latter represents a ~10% increase in the thermal conductivity between 290 K and 450 

K, and a ~43% increase between 290 K and 1000 K.   

Figure 5a summarises the effect of thermal conductivity variations on the I-V characteristics 

of a MOM device. The data show that an increase (decrease) in the magnitude of the thermal 

conductivity (thermal resistance) shifts the characteristics to higher voltages and reduces the 

magnitude of the NDR (i.e. the slope of the I-V characteristic).  Comparison with the data in 

Figure 5b shows that this is a direct consequence of a reduction in the device temperature. The 

lower operating temperature has the effect of increasing the device resistance for a given input 

current due to the strong temperature dependence of Poole-Frenkel conduction. The reduction 

in the magnitude of the NDR follows from the fact that the temperature change for a given 
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incremental increase in current is reduced by an increased thermal conductivity.  These 

predictions are consistent with the experimental observations of Wang et al.32, who studied the 

effect of thermal resistance on the electrical characteristics of devices by fabricating similar 

devices of SiO2/Si substrates and suspended Si3N4 membranes.  As predicted above, the higher 

thermal resistance of the suspended devices produced a reduction in the threshold voltage and 

an increase in the magnitude of the NDR. These results are consistent with the results of the 

finite element analysis (see supplementary information). 

More surprising is the effect of the temperature-dependent thermal conductivity, as this reduces 

the magnitude of the NDR by around 50%, even though the change in the magnitude of the 

thermal conductivity with temperature (~25%) is less than the range explored for the 

temperature independent case (~30%). Such behaviour is particularly significant for 

engineering memristor-based oscillators because the oscillator dynamics are sensitive to both 

the magnitude of the NDR and the shape of the differential resistance characteristic.  
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Figure 5: a) Quasi-static I-V characteristics and differential resistance, and b) the temperature 

of the memristor under current-controlled testing. The inset in b) shows the lumped-element 

circuit model of the memristor. Dashed lines are for a temperature independent Rth (α =

0 K−1) and solid lines are for a temperature dependent Rth (α = 6 × 10−4 K−1).  c) Oscillation 

dynamics (circuit shown inset) showing Vs-Rs oscillation window for temperature-independent 

(blue) and temperature-dependent (red) Rth (Rth0 = 1.7 × 105 K/W). Also shown inset are the 
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oscillator responses for temperature independent (blue) and temperature dependent (red) Rth 

(Vs=3.0 V, Rs=1 kΩ, Cp = 10pF, Rth0 = 1.7 × 105 K/W).  

As an example, Figure 5c compares the characteristics of oscillators (see inset) comprised of 

memristors with temperature-independent and temperature-dependent thermal conductivities.  

The oscillation window (i.e. The Vs-Rs range for which stable oscillation is observed) is found 

to be significantly reduced for latter cases, which is a direct consequence of the change in 

characteristics shown in Figure 5a. The oscillator dynamics for given operating conditions are 

also impacted by including the temperature-dependent conductivity, as shown in the inset.  This 

compares the memristor current for the two cases under the conditions where Vs=3.0 V, Rs=1 

kΩ, Cp = 10pF and Rth0 = 1.7 × 105 K/W  Including the temperature dependence is shown 

to increase the oscillator frequency from 270 kHz to 400 kHz and to reduce the peak amplitude 

from 12 mA to 6 mA, reflecting the reduction in the magnitude of the NDR.  Clearly, these are 

significant effects that must be accounted for during device engineering. 

Conclusions 

The thermal conductivity of NbOx films was measured as a function of stoichiometry, for x in 

the range from 1.9 to 2.5, and for temperatures in the range from 290 to 453 K, parameter 

ranges over which NbOx-based MOM devices exhibit volatile threshold switching and current-

controlled negative differential resistance7, 33.  The magnitude of the thermal conductivity was 

shown to vary between 0.86 and 1.25 𝑊𝑊𝑚𝑚−1𝐾𝐾−1 over the composition and temperature range 

examined, and to increase with temperature for all compositions.  While the values for films of 

different composition were broadly within experimental error, the thermal conductivity of near-

stoichiometric NbO2.0 and NbO2.5 (i.e., Nb2O5) films was generally lower than that that of off-

stoichiometric NbO1.9 and NbO2.3 films.  However, the significance of this observation and the 

role of film macrostructure and microstructure remain to be confirmed.  The thermal 
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conductivity of all films was shown to increase with temperature and to have a dependence 

consistent with that of the minimum thermal conductivity models of Cahill et al17 and Agne et 

al18.  Based on this behaviour and estimates of the electrical conductivity, it was concluded that 

the thermal conductivity of the NbOx is dominated by the lattice contribution.   

Variations in the thermal conductivity of NbOx were shown to modify the quasi-static I-V 

characteristics and oscillator dynamics of NbOx-based memristive devices, with the 

temperature dependence of the thermal conductivity playing a particularly significant role.  

Most notably, the inclusion of the temperature dependence was shown to restrict the voltage-

resistance operational window of a simple oscillator, and to affect the frequency and amplitude 

of the oscillator current.  Such behaviour highlights the importance of understanding the 

thermal properties of devices and the potential of thermal-engineering for tuning the NDR 

characteristics NbOx-based memristors. 
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1. Thin film characterization  

 

Figure S1: Composition and conductivity data. (a) RBS spectrum of an Nb2O5 film on a Si 
substrate. (b) RBS spectra of substoichiometric NbOx films deposited on vitreous carbon 
substrates. (c) Temperature-dependent two-terminal conductivity as a function of the 
stoichiometry of NbOx. 
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Figure S2. X-ray photoelectron spectra (XPS): Nb3d and O1s core level spectra from (a-b) 
NbO1.9 (c-d) NbO2.0 and (e-f) NbO2.5 films. 

The XPS spectra shown in Figure S2 were obtained from three different stoichiometric films. 
Two major peaks (207 eV and 209 eV) were observed in the Nb 3d core level spectra of the 
stoichiometric NbOx (x=2.5) film. In contrast, the XPS spectra from substoichiometric NbOx 
(x=1.9 and 2.0) showed contributions from both Nb2+, Nb4+ and Nb5+

. 1 
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Figure S3: Surface roughness measurement of NbOx thin films in the nanometer scale can be 
accurately determined using the atomic force microscopy (AFM). 2D surface topography of 
NbOx films for different stoichiometric films:  (a-d) NbO1.9 films, (e-h) NbO2.0 films, (i-l) NbO2.3 
films and (m-p) NbO2.5 films. 

 

2. Calculation of minimum thermal conductivity 

The minimum thermal conductivity was calculated using the models of Cahill et al 2 and 
Agne et al 3, according to the following formulae: 

a) The minimum thermal conductivity of Cahill 
The minimum thermal conductivity in this case is represented by a sum of three Debye 
integrals, where the sum is taken over the three sound modes (two translational and one 
longitudinal), with speeds 𝜈𝜈𝑖𝑖.  

k𝑚𝑚𝑚𝑚𝑚𝑚(𝑇𝑇) ≈ �𝜋𝜋
6
�
1
3 𝑘𝑘𝐵𝐵𝑛𝑛

2
3 ∑ 𝜈𝜈𝑖𝑖 �

𝑇𝑇
Θ𝑖𝑖
�
2

𝑖𝑖 ∫ 𝑥𝑥3𝑒𝑒𝑥𝑥

(𝑒𝑒𝑥𝑥−1)2 𝑑𝑑𝑑𝑑
Θ𝑖𝑖
𝑇𝑇
0    (S1) 

The corresponding cutoff frequency for each polarization is given in degrees K by: 



S-5 
 

Θ𝑖𝑖 = 𝜈𝜈𝑖𝑖(ℏ/𝑘𝑘𝐵𝐵)(6𝜋𝜋2𝑛𝑛)
1
3    (S2) 

where 𝑛𝑛 is the atomic density and 𝑇𝑇 is the temperature. 

Calculations were undertaken using the parameters listed in Table S1, where the transverse 
and longitudinal speeds of sound are taken from Mitterhuber et al 4. 

b) The minimum thermal conductivity of Agne  
The minimum thermal conductivity in this case is represented by the semiempirical equation:  

k𝑚𝑚𝑚𝑚𝑚𝑚(𝑇𝑇) ≈ 𝑛𝑛−
2
3𝑘𝑘𝐵𝐵

2𝜋𝜋3𝜈𝜈𝑆𝑆
3 �

𝑘𝑘𝐵𝐵𝑇𝑇
ℏ
�
4
∫ 𝑥𝑥5𝑒𝑒𝑥𝑥

(𝑒𝑒𝑥𝑥−1)2 𝑑𝑑𝑑𝑑
0.95Θ𝐷𝐷𝑇𝑇
0    (S3) 

where the Debye temperature, Θ𝐷𝐷, is given by 

Θ𝐷𝐷 = ℏ
𝑘𝑘𝐵𝐵

(6𝜋𝜋2𝑛𝑛)
1
3𝜈𝜈𝑆𝑆      (S4) 

and the speed of sound, 𝜈𝜈𝑆𝑆, is taken as: 

𝜈𝜈𝑆𝑆 = 1
3

(2𝜈𝜈𝑇𝑇 + 𝜈𝜈𝐿𝐿)      (S5) 

where 𝜈𝜈𝑇𝑇 is the transverse sound velocity and 𝜈𝜈𝐿𝐿 is the longitudinal sound velocity, and as 
above, 𝑛𝑛 is the atomic density and 𝑇𝑇 is the temperature. 

Calculations were undertaken using the parameters listed in Table S1.  We note that the speed 
of sound for this case was taken from Cheng et al.5 

Table S1: Parameters used for calculating the minimum thermal conductivity. 

 Cahill Agne 
Atomic Density 6.82x1028 atoms.m-3 6.82x1028 atoms.m-3 

Longitudinal sound velocity (𝜈𝜈𝐿𝐿) 5311 ms-1 5311 ms-1 

Transverse sound velocities (𝜈𝜈𝑇𝑇) 3202 ms-1 3202 ms-1 

Speed of sound (𝜈𝜈𝑆𝑆)   5000ms-1 
 

3. LT Spice modelling 

The static and dynamic electrical response of devices were simulated using a previously 
reported lumped element thermal model6, where the temperature dependent electrical 
conductivity of the NbOx film was assumed to be governed by the Poole-Frenkel mechanism, 
such that the device resistance is given by: 

𝑅𝑅 = 𝑅𝑅0𝑒𝑒(𝐸𝐸𝑎𝑎+𝛽𝛽√𝐸𝐸)/𝑘𝑘𝐵𝐵𝑇𝑇     (S6) 

𝛽𝛽 = � 𝑒𝑒3

𝜋𝜋𝜖𝜖0𝜖𝜖𝑟𝑟
      (S7) 

This model is based on Newton’s law of cooling: 
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𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 1
𝐶𝐶𝑡𝑡ℎ

�𝑅𝑅𝐼𝐼2 − 1
𝑅𝑅𝑡𝑡ℎ

(𝑇𝑇 − 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎)�   (S8) 

where 𝐶𝐶𝑡𝑡ℎ is the thermal capacitance and 𝑅𝑅𝑡𝑡ℎ is the thermal resistance of the active volume.  
Transposing gives: 

𝑅𝑅𝐼𝐼2 = 𝐶𝐶𝑡𝑡ℎ
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 1
𝑅𝑅𝑡𝑡ℎ

(𝑇𝑇 − 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎)   (S9) 

which is represented by the equivalent circuit model shown in Figure S4, where the source 
current is set to the Joule heating power 𝑅𝑅𝑅𝑅𝑠𝑠2, and the voltage at point T represents the 
temperature, 𝑇𝑇.  

In the present study, we explore the effect of variations in the magnitude and temperature 
dependence of 𝑅𝑅𝑡𝑡ℎthat reflect the measured changes.  This is achieved by setting the thermal 
resistance to: 

𝑅𝑅𝑡𝑡ℎ = 𝑅𝑅𝑡𝑡ℎ0/(1 + 𝛼𝛼(𝑇𝑇 − 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎)   (S10) 

With 𝑅𝑅𝑡𝑡ℎ0 varying between 1.7x105 and 1.3x105 K/W and 𝛼𝛼 set to 0 or 6x10-4 K-1 for 
temperature independent and temperature dependent thermal conductivity, respectively. (NB: 
These values were chosen to represent changes observed experimentally). 

 

 

 

 

 

 

Figure S4: Lumped element circuit model of the Memristor. 

The quasi-static and oscillator-dynamics of devices were studied by simulating the response 
of the circuits shown in Figure S5 using LT-Spice, and the parameters employed for these 
studies are listed in Table S1. (NB: For comparison, key parameters are taken from Slesazeck 
et al.6) 

 

a    b 
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Figure S5: (a) Quasi-static circuit; (b) Oscillator-circuit 

Table S2: The parameters used in quasi-static and oscillator dynamics simulations 

Parameter Value Units 
𝑅𝑅0 (film) 65  [Ω] 

𝐸𝐸𝑎𝑎 0.215 [𝑒𝑒𝑒𝑒] 
𝜖𝜖𝑟𝑟 45  
𝑅𝑅𝑡𝑡ℎ0 1.3 × 105 𝑡𝑡𝑡𝑡 1.7 × 105 [K/W] 
𝐶𝐶𝑡𝑡ℎ 2.5 × 10−13 [𝐽𝐽/𝐾𝐾] 
𝛼𝛼 0, 6x10-4 [𝐾𝐾−1] 

𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎 298 [𝐾𝐾] 
𝑉𝑉𝑠𝑠 0 to 10 [𝑉𝑉] 
𝑅𝑅𝑠𝑠 100-1500 [Ω] 
𝐶𝐶𝑝𝑝 10−8 [𝐹𝐹] 

 

4. Finite element modelling (COMSOL) 

Finite element modelling was undertaken using COMSOL v6.0 with the metal-oxide-metal 
device structure defined using the 2D axisymmetric model shown in Figure S6.  

 

Figure S6: Schematic of axisymmetric model employed for finite element modelling.  Also 
included are the relevant boundary conditions. 

Calculations were performed for a current source applied to top Pt electrode with bottom Pt 
electrode grounded.  The current and heat transport equations were solved using material data 
for Pt, SiO2 and NbOx from COMSOL library but with the electrical and thermal conductivity 
of the Nb2O5 film given by: 

𝜎𝜎 = 𝜎𝜎0𝑒𝑒(−𝐸𝐸𝑎𝑎+𝛽𝛽√𝐸𝐸)/𝑘𝑘𝐵𝐵𝑇𝑇   (S11) 

with   𝛽𝛽 = � 𝑒𝑒3

𝜋𝜋𝜖𝜖0𝜖𝜖𝑟𝑟
   (S12) 
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𝜅𝜅𝑡𝑡ℎ = 𝑘𝑘𝑡𝑡ℎ0(1 + 𝛼𝛼(𝑇𝑇 − 𝑇𝑇0))    (S13) 
 

using the parameters listed in Table. S3: 

Table S3: The parameters used in quasi-static and oscillator dynamics simulations 

Parameter Value Units 
   

𝜎𝜎0 (filament) 6.5 × 103 [𝑆𝑆.𝑚𝑚−1] 
𝜎𝜎0 (film) 10  [𝑆𝑆.𝑚𝑚−1] 
𝐸𝐸𝑎𝑎 0.215 [𝑒𝑒𝑒𝑒] 
𝜅𝜅𝑡𝑡ℎ0 0.8, 1.0, 1.2  [𝑊𝑊𝐾𝐾−1𝑚𝑚−1] 
𝛼𝛼 0, 6x10-4 [K-1] 
𝜖𝜖𝑟𝑟 45  
𝑇𝑇0 298 [𝐾𝐾] 

 

 

Figure S7: Simulated temperature distribution in device for a current of 5 mA.  Simulation 
parameters α=0 K-1, kth=1 WK-1m-1. 
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Figure S8: Calculated (a) I-V characteristics and (b) differential resistance as a function of 
α and kth0

. 

 

Figure S9: (a) Maximum filament temperature and (b) Rth calculated from COMSOL 
simulation.  NB: Rth was calculated using a lumped element approximation: T=T0+RthIV, 
where T was taken as the average filament temperature, T0=298 K, I is the device current 
and V is the device voltage. 

5. Stoichiometric dependent of  current-voltage characteristics 

Preforming IV characteristics of substoichiometric NbOx (x=1.9, 2.0 and 2.3) memristors as a 
function temperature are shown in Figure S9. It is important to note here that for the voltage 
sweep range (-0.5 V ↔ 0 ↔ +0.5 V) no current is observed for stoichiometric NbOx (x=2.5) 
thin films as films are highly insulating.  
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Figure S10: Preforming current-voltage (I-V) characteristics of (a) NbO1.9 (b) NbO2.0 and (c) 
NbO2.3 thin film based Pt/Nb/NbOx/Pt memristors. . 

We have previously reported electrical behaviour of NbOx cross-point devices as a function of 
stoichiometry of NbOx

7-8. S-type characteristics of different stoichiometric NbOx films are 
shown in Figure S11a-d. We further showed that the switching nature (modes, threshold 
voltage) is area and thickness independent in stoichiometric NbOx(x=2.5) as the switching 
region considered to be localized near the interface9. However, in stoichiometric films the 
switching (modes, threshold voltage) is both thickness and area dependent as shown in Figure 
S11e-f 7-8. Because the electrical conductivity of NbOx films is a strong function of 
stoichiometry (Figure S1b). Therefore, it is difficult to draw conclusion about the role of the 
thermal conductivity from such measurements. 
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Figure S11: S-type NDR characteristics of (a) Pt/Nb/NbO1.9/Pt (b) Pt/Nb/NbO2/Pt (c) 
Pt/Nb/NbO2.3/Pt (c) Pt/Nb/NbO2.5/Pt  cross-point devices (5μ x 5μ). (d) Area dependent NDR 
characteristics in (e) Pt/Nb/NbO1.9/Pt devices. (f) A summary of NDR modes as function of 
device size and stoichiometry.  
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